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The non-abelian Higgs (NAH) theory is studied in a strong magnetic field. For simplicity, we
study the SU(2) NAH theory with the Higgs triplet in a constant strong magnetic field ~B, where
the lowest-Landau-level (LLL) approximation can be used. Without magnetic fields, charged
vector fields A±µ have a large mass M due to Higgs condensation, while the photon field Aµ
remains to be massless. In a strong constant magnetic field near and below the critical value
eBc ≡ M2, the charged vector fields A±µ behave as 1+1-dimensional quasi-massless fields, and
give a strong correlation along the magnetic-field direction between off-diagonal charges coupled
with A±µ . This may lead a new type of confinement caused by charged vector fields A±µ .
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1. Introduction
In the Weinberg-Salam model, through the Brout-Englert-Higgs mechanism [1], all the weak
bosons (W±µ and Zµ) acquire a large mass and can propagate to very short distance, and only photon
remains massless and can propagate to long distance.
Also for quantum chromodynamics (QCD), in the context of the dual superconductor picture
for quark confinement [2, 3, 4], by taking the maximally Abelian (MA) gauge, off-diagonal gluons
acquire a large effective mass of about 1GeV and become infrared inactive [5], and only diagonal
gluons contribute to long-distance physics, which is called “Abelian dominance” [3, 4, 5, 6, 7].
In fact, QCD in the MA gauge and the non-Abelian Higgs (NAH) theory such as theWeinberg-
Salam model are similar from the viewpoint of large mass generation of off-diagonal gauge bosons
A±µ , and sequential off-diagonal inactiveness and low-energy Abelianization, although the NAH
theory does not exhibit charge confinement.
However, this situation can be drastically changed in the presence of a strong magnetic field for
the NAH theory, as will be discussed. In this paper, we study the NAH theory in a strong magnetic
field and consider a new type of confinement caused by charged vector fields A±µ . We here note
that “magnetic properties of quantum systems” or “quantum systems in external magnetic fields”
are also interesting subjects in various fields in physics [8, 9, 10, 11, 12, 13, 14, 15].
2. SU(2) Non-Abelian Higgs Theory with Higgs Triplet
We start from the standard SU(2) non-Abelian Higgs (NAH) theory with the SU(2) gauge field
A
SU(2)
µ = A
a
µT
a ∈ su(2) and the SU(2) Higgs-scalar triplet Φa (a= 1,2,3),
LNAH =−1
4
GaµνG
µν
a +
1
2
D
SU(2)
µ Φ
aDµ
SU(2)
Φa− λ
4
(ΦaΦa− v2)2, (2.1)
where the SU(2) covariant derivative D
SU(2)
µ ≡ ∂µ + ieA
SU(2)
µ satisfies D
SU(2)
µ Φ
a = ∂µΦ
a− eεabcAbµΦc,
and the SU(2) field strength Gµν ≡ 1ie [A
SU(2)
µ , A
SU(2)
ν ] is written as G
a
µν = ∂µA
a
ν −∂νAaµ −eεabcAbµAcν .
At the tree level, the Higgs field Φa has a vacuum expectation value, and one can set 〈Φ3〉 =
v (≥ 0) ∈R and Φ3 = v+σ in the unitary gauge. Then, one obtains
LNAH = − 1
4
[Fµν − ie(A+µA−ν −A−µA+ν )]2−
1
2
(D−µA
+
ν −D−ν A+µ )(Dµ+Aν−−Dν+Aµ−)
+ (M+ eσ)2A+µA
µ
−+
1
2
(∂µσ)
2− λ
4
{(v+σ)2− v2}2,
= − 1
4
FµνF
µν − 1
2
(D−µA
+
ν −D−ν A+µ )(Dµ+Aν−−Dν+Aµ−)+ (M+ eσ)2A+µAµ−
+ ieFµνA+µA
−
ν +
1
2
e2[(A+µA
µ
+)(A
−
ν A
ν
−)− (A+µAµ−)2]
+
1
2
(∂µσ)
2−λv2σ 2−λvσ 3− λ
4
σ 4, (2.2)
with the charged vector field A±µ ≡ 1√2(A1µ ± iA2µ) ∈ C and its mass M ≡ ev. Using the unbroken
U(1) gauge (photon) field Aµ ≡ A3µ , we define the U(1) covariant derivative D±µ ≡ ∂µ ± ieAµ and
the U(1) field strength Fµν ≡ ∂µAν −∂νAµ , which satisfy [D±µ ,D±ν ] =±ieFµν .
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In the NAH theory, the bilinear part of the charged vector field A±µ is expressed by
LA±2nd = −
1
2
(D−µA
+
ν −D−ν A+µ )(Dµ+Aν−−Dν+Aµ−)+ (M+ eσ)2A+µAµ−+ ieFµνA+µA−ν
= −A+µD+ν (Dµ+Aν−−Dν+Aµ−)+ (M+ eσ)2A+µAµ−+ ieFµνA+µA−ν
= A+µ [D
+
ν D
ν
++(M+ eσ)
2]A
µ
−+2ieF
µνA+µA
−
ν −A+µDµ+D+ν Aν−. (2.3)
Note here that the term “2ieFµνA+µA
−
ν ” corresponds to the gyromagnetic ratio g = 2 [9, 15] for
the charged vector field A±µ , which is a general property of SU(N) non-Abelian gauge theories,
including the NAH theory and QCD.
3. Non-Abelian Higgs Theory in a Strong Magnetic Field
Now, we study the non-Abelian Higgs (NAH) theory in the presence of an external field of
Aµ or Fµν , e.g., a strong magnetic field B. In this paper, we mainly consider a constant external
magnetic field B(≥ 0) in the z-direction, i.e., F12 = B.
For the simple treatment, while eB can take a large value, the gauge coupling e(> 0) is taken
to be small such that one can drop off the O(e2) self-interaction terms of charged vector fields A±µ
in the NAH Lagrangian (2.2). Also, λ is taken to be enough large such that v and M ≡ ev are
unchanged under the magnetic field.
In such a system, only the bilinear term of A±µ is important, since it includes the coupling
with the external photon field Aµ , and the O(e
2) self-interaction terms of A± without Aµ and the
Higgs fluctuation σ can be dropped off in the NAH Lagrangian (2.2). Therefore, the NAH theory
is mainly expressed by the bilinear term of the charged vector field A±µ ,
LA±2nd = A
+
µ (D
+
ν D
ν
++M
2)A
µ
−+2ieF
µνA+µA
−
ν −A+µDµ+D+ν Aν−. (3.1)
3.1 Field equation for the charge vector field
From the Lagrangian (3.1), the field equations for the charged vector field A±µ are given by
(D+ν D
ν
++M
2)A
µ
−+2ieF
µνA−ν −Dµ+D+ν Aν− = 0,
(D−ν D
ν
−+M
2)A
µ
+−2ieFµνA+ν −Dµ−D−ν Aν+ = 0. (3.2)
Multiply Eq.(3.2a) by D+µ from the left and using [D
±
µ ,D
±
ν ] =±ieFµν , we obtain
ie[D
µ
+,Fµν ]A
ν
−+M
2D+µA
µ
− = ie(∂
µFµν)A
ν
−+M
2D+µA
µ
− = 0. (3.3)
For the constant electromagnetic field Fµν , the massive charged-vector field A
±
µ with a non-zero M
satisfies the maximally Abelian (MA) gauge condition,
D+µA
µ
− = (∂µ + ieAµ)A
µ
− = 0, (3.4)
and the field equations (3.2) become
(D±ν D
ν
±+M
2)A
µ
∓±2ieFµνA∓ν = [(D±λ Dλ±+M2)gµν ±2ieFµν ]A∓ν = 0. (3.5)
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For the constant magnetic field B= F12(≥ 0) in the z-direction, one finds
[(D±λ D
λ
±+M
2)gµν ±2ieBεµν3]Aν∓ = [(D±λ Dλ±+M2)ηˆ +2eBSˆqz ]µνAν∓ = 0, (3.6)
with (ηˆ)µν = gµν and the spin-charge operator Sˆ
q
z ≡ QSˆz. Here, for the charged vector field Aµ±,
Q is the U(1) charge Q ∈ {±1,0} (in the unit of e), and (Sˆz)µν = −iεµν3 is a spin operator and its
non-zero eigenvalue states are AR± ≡ 1√2(Ax±− iA
y
±) (sz = 1) and AL± ≡ −i√2(Ax±+ iA
y
±) (sz = −1).
Thus, we obtain
[(D±λ D
λ
±+M
2)ηˆ +2eBSˆqz ]Aα = 0 (α =±1,0) (3.7)
in the diagonal basis of Sˆ
q
z and ηˆ . Aα is a linear combination of A
µ
± so as to satisfy Sˆ
q
zAα = αAα :
A+1 = A
R
+ or A
L
−, A0 = A
z
±, A
t
± A−1 = A
L
+ or A
R
−. (3.8)
3.2 Eigenstates and the Landau level
Now, we consider the eigenstate of the charged vector field A±µ in the constant magnetic field,
by investigating the operator in the field equation (3.7) for the charged vector field ~A±,
Kˆ ≡ −(D±λ Dλ±+M2)+2eBSˆqz =−∂ 2t +∂ 2z +{(∂x± ieAx)2+(∂y± ieAy)2}−M2+2eBSˆqz
= pˆ2t − pˆ2z −2eB
(
aˆ†aˆ+
1
2
)
−M2+2eBSˆqz , (3.9)
where pˆµ ≡ i∂µ and aˆ≡ 1√2eB [(pˆx± eAx)− i(pˆy± eAy)]. Here, Kˆ has a one-dimensional harmonic
oscillator in the x, y direction [9, 11], and we introduce the diagonal basis such as aˆ†aˆ|n〉 = n|n〉.
Then, the eigenvalue of Kˆ is given by
K(pt , pz,n,sz)≡ p2t − p2z −2eB
(
n+
1
2
− sz
)
−M2 (n= 0,1,2, ... ; sz =±1,0) (3.10)
for the n-th Landau level with the eigenvalue sz of Sˆ
q
z . The eigenstate |pt , pz,n,sz〉 which satisfies
Kˆ|pt , pz,n,sz〉= K(pt , pz,n,sz)|pt , pz,n,sz〉 (3.11)
is expressed in the coordinated space as
ψpt pznsz(x)≡ 〈xµ |pt , pz,n,sz〉= 〈t|pt〉〈z|pz〉〈x,y|n〉χsz = e−iptteipzzψn(x,y)χsz , (3.12)
with the harmonic-oscillator eigenstate ψn(x,y) and the spin eigenstate χsz , satisfying Sˆ
q
zχsz = szχsz .
For the external U(1) gauge (photon) field Aµ ≡ A3µ , we take the symmetric gauge, (Ax,Ay) =
B
2
(y,−x) with At = Az = 0. (Physical results never depend on the remaining U(1) gauge choice.)
Then, the harmonic-oscillator eigenstate ψn(x,y) is written in 2-dimensional polar coordinates by
ψn(x,y) =
1
l
√
n!
(n−m)!e
− r2
4l2
(
r√
2l
)|m|
L
|m|
n (
r2
2l2
)
eimϕ√
2pi
(|m| ≤ n) (3.13)
with r ≡
√
x2+ y2 and the associated Laguerre polynomial Lmn . Here, l ≡ 1√eB is a typical length of
the minimal cyclotron orbit in the magnetic field B.
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For the on-mass-shell state of the charged vector field A±µ satisfying the field equation (3.7),
its energy pt is given by [9]
p2t = p
2
z +2eB
(
n+
1
2
− sz
)
+M2 (n= 0,1,2, ...; sz =±1,0) (3.14)
for the Landau level with n and sz. In the strong magnetic field, the lowest Landau level (LLL) with
n = 0 and sz = 1 gives a dominant contribution, and therefore one can use the LLL approximation
[12], keeping only the LLL contribution. Here, the LLL wave-function is written by
ψLLL(x,y,z) ≡ ψ0(x,y)eipzzχsz=1 =
√
eB
2pi
e
− x2+y2
4l2 eipzzχsz=1, (3.15)
which is localized within the order of the length l ≡ 1√
eB
in the x, y direction. The LLL energy pt is
p2t = p
2
z − eB+M2 = p2z −µ2, µ ≡
√
M2− eB. (3.16)
3.3 Propagator of the charge vector field
From the Lagrangian (3.1), the propagator Dˆµν of the charged vector field A
±
µ is expressed as
Dˆ−1µν =−(D+λ Dλ++M2)gµν −2ieFµν +D+µD+ν , (3.17)
which actually satisfies LA±2nd = −Aµ+Dˆ−1µνAµ−. In the RHS of Eq.(3.17), the first two terms are
responsible to the physical pole of the charged vector field A
µ
±, and the last term D+µD+ν suffers
from gauge transformation.
Here, we consider addition of a gauge-fixing term whose bilinear part of A
µ
± is
L
g.f.
A± =−
1
α
(D−µA
µ
+)(D
+
ν A
ν
−) = +
1
α
A+µD
µ
+D
+
ν A
ν
−. (3.18)
By taking α = 1, the total bilinear part of the charged vector field A
µ
± is expressed as
L
tot
A±2nd ≡LA±2nd+L g.f.A± = A+µ (D+ν Dν++M2)Aµ−+2ieFµνA+µA−ν , (3.19)
and the charged-vector propagator Dˆµν becomes
Dˆ−1µν =−(D+λ Dλ++M2)gµν −2ieFµν . (3.20)
For the constant magnetic field B= F12, Dˆµν is written with ηˆµν = gµν and (Sˆ
q
z )µν = iεµν3 as
Dˆ−1µν =−(D+λ Dλ++M2)gµν −2eBiεµν3 =−[(D+λ Dλ++M2)ηˆ +2eBSˆqz ]µν . (3.21)
The charged-vector propagator Dˆ has the space-time structure of
Dˆ−1 ≡ −[(D+λ Dλ++M2)ηˆ +2eBSˆqz ] = [pˆ2t − pˆ2z −2eB(aˆ†aˆ+1/2)−M2]ηˆ −2eBSˆqz
=


−Kˆ0
Kˆ0 −2eBi
2eBi Kˆ0
Kˆ0

= Ω


−Kˆ0
Kˆ0+2eB
Kˆ0−2eB
Kˆ0

Ω† ≡ΩDˆ−1Ω† (3.22)
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with Kˆ0 ≡ D+λ Dλ++M2 and the spatial rotation Ω ≡


1
1√
2
−i√
2
−i√
2
1√
2
1

 which diagonalizes Dˆ. By
the spatial rotation Ω, the coordinate basis (tˆ, xˆ, yˆ, zˆ) is transformed to the Dˆ-diagonalized basis
(tˆ, Rˆ, Lˆ, zˆ)T = Ω(tˆ, xˆ, yˆ, zˆ)T . Note that only one spatial sector of Lˆ ≡ −i√
2
(xˆ+ iyˆ)-component in Dˆ
includes the lowest Landau level. For the spatial sector Dˆs in the diagonalized charged-vector
propagator Dˆ , its eigenvalue Ds(pt , pz,n,sz) is written by
D−1s (pt , pz,n,sz)≡ 〈pt , pz,n,sz|Dˆ−1s |pt , pz,n,sz〉=−p2t + p2z +2eB
(
n+
1
2
− sz
)
+M2. (3.23)
Then, the coordinate-space representation of the spatial charged-vector propagator Dˆs is given by
Ds(x,x
′)≡ 〈x|Dˆs|x′〉= ∑
pt ,pz ,n,sz
〈x|pt , pz,n,sz〉Ds(pt , pz,n,sz)〈pt , pz,n,sz|x′〉
=
∫ ∞
−∞
dpt
2pi
∫ ∞
−∞
dpz
2pi
∞
∑
n=0
1
∑
sz=−1
ψpt pznsz(x)
1
−p2t + p2z +2eB(n+ 12 − sz)+M2
ψ†pt pznsz(x
′) (3.24)
with the eigenstate ψpt pznsz(x)≡ 〈xµ |pt , pz,n,sz〉 in Eq.(3.12).
In the strong constant magnetic field, we use the lowest Landau level (LLL) approximation,
keeping only the LLL (n= 0, sz = 1) contribution:
Ds(x,x
′) ≃ DLLL(x,x′)≡ ∑
pt ,pz,n,sz
〈x|pt , pz,n,sz〉Ds(pt , pz,n,sz)〈pt , pz,n,sz|x′〉δn0δsz1
=
∫ ∞
−∞
dpt
2pi
∫ ∞
−∞
dpz
2pi
e−ipt (t−t
′)eipz(z−z
′)ψ0(x,y)ψ
†
0 (x
′,y′)
1
−p2t + p2z − eB+M2
=
eB
2pi
e
− x2+y2
4l2 e
− x′2+y′2
4l2
∫ ∞
−∞
dpt
2pi
∫ ∞
−∞
dpz
2pi
e−ipt (t−t
′)eipz(z−z
′) −1
p2t − p2z −µ2
, (3.25)
with µ2 ≡M2− eB and l ≡ 1√
eB
. The factor eB
2pi corresponds to the Landau degeneracy.
This spatial propagator Ds(x,x
′)≃DLLL(x,x′) of the charged vector field A±µ is similar to a 1+1
dimensional propagator with the mass µ , although DLLL(x,x
′) acts on the spatial (Lˆ) component of
the charge current and hence the total sign is different. In fact, in the strong constant magnetic
field, the charge motion in the x, y direction is frozen, and the low-dimensionalization is realized.
Actually, the correlation brought by DLLL(x,x
′) in Eq.(3.25) is localized within the order of the
length l ≡ 1√
eB
in the x, y direction.
When the strong constant magnetic field eB is near and below the critical value eBc ≡M2, the
effective mass-squared µ2 ≡ M2− eB becomes small (and non-negative), and the charged vector
fields A±µ behave as 1+1-dimensional quasi-massless fields, and therefore this spatial propagator
DLLL(x,x
′) induces a strong correlation along the magnetic-field direction between off-diagonal
charges coupled with A±µ . (For µ2 < 0, i.e., eB>M2, the Nielsen-Olesen instability occurs [9, 15].)
For the off-diagonal current J
µ
± coupled with A
µ
∓, the current-current correlation is derived as
SJJ =
∫
d4x d4x′ Jµ+(x)Dˆµν(x,x
′)Jν−(x
′)≃
∫
d4x d4x′ JLLL+ (x)DˆLLL(x,x
′)JLLL− (x
′), (3.26)
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where JLLL± is the spatial component coupled with the LLL state of A
µ
∓. The inter-charge potential
V (r) along ~B is estimated with a spiral current JLLL± ∼Q±δ (x)δ (y)δ (z± r2) localized near x= y= 0,
V (r) =−Q+Q− eB
4pi
1
µ
e−µr → V (r) = Q+Q− eB
4pi
r as eB→ eBc ≡M2. (3.27)
In the limit of eB→ eBc−0, the charged vector fields Aµ± become massless as µ2 ≡M2−eB→+0,
and the linear potential appears along ~B. (This strong correlation may relate to the Nilsen-Olesen
instability.) In this system, the Landau degeneracy eB
2pi gives the dimension of the string tension.
Then, for example, for the fermion (fundamental-rep.) coupled with the SU(2) gauge field, the
charged fermion makes the cyclotron motion in the strong constant magnetic field ~B, with suffering
from the strong correlation along ~B induced by charged vector fields A±µ (see Fig.1).
Figure 1: The SU(2) NAH theory in the strong constant magnetic field ~B near and below eBc ≡M2. The
3-dimensional massless photon Aµ ≡ A3µ gives the background magnetic field ~B, and induces the cyclotron
motion for charged particles. The charged vector fields A±µ become spatially quasi-one-dimensional, and
induce a strong correlation along ~B between off-diagonal charges coupled with A±µ .
4. Summary and Conclusion
We have investigated the non-abelian Higgs (NAH) theory with the Higgs triplet in a strong
constant magnetic field ~B, where the lowest-Landau-level (LLL) approximation can be used. We
have found that, near and below the critical magnetic field of eBc ≡M2, the charged vector fields
A±µ behave as spatially one-dimensional quasi-massless fields, and give a strong correlation along
~B and eventually a linear potential V (r) ∝ eBr at eB = eBc between off-diagonal charges coupled
with A±µ . This may lead a new type of confinement caused by charged vector fields A±µ .
For this confinement, although the external photon field Aµ is important for the formation
the LLL state of A±µ , off-diagonal charged-vector fields A±µ plays an essential role to the linear
confinement potential V (r) ∝ eBr, so that this can be called “off-diagonal (charged) dominance”
(see Fig.2), in contrast to “Abelian dominance” for quark confinement in QCD in the MA gauge.
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Figure 2: The SU(2) NAH theory with and without the magnetic field. At B = 0, the Higgs mechanism
gives a large mass M for A±µ and infrared Abelian dominance. At the critical magnetic field of eBc =M2,
however, off-diagonal charged-vector fields A±µ become spatially one-dimensional and massless, and play an
essential role to the linear potential V (r) ∝ eBr between off-diagonal charges coupled with A±µ .
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